IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The Littlewood-Richardson rule and the boson-fermion correspondence

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1995 J. Phys. A: Math. Gen. 28 L331
(http://iopscience.iop.org/0305-4470/28/12/002)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 02/06/2010 at 00:14

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/28/12
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

- 3. Prys. A: Math. Gen. 28 (1995) L331-L33'f._ Printed in the UK
LETTER TO THE EDITOR

The Littlewood—Richardson rule and the boson-fermion
correspondence

T H Baker )
Physics Department, University of Tasmania, GPO Box 252C Hobart, Australia 7001

Received 3 January 1995

Abstract. The boson—fermion comespondence is applied to derive explicit formulze for
expressing the product of $-functions in terms of sums of $-functions associated to non-standard
partitions.

In this letter we show how to derive fairly explicit formulae for the multiplication of two
S-functions in terms of S-functions with non-standard partitions' by means of the boson—
fermion correspondence. We also point out how this method can be used to calculate skew
S-functions, and also how to extend it to the Hall-Littlewood case. The boson—fermion
correspondence (or its generalizations) has been used, for example, in investigating various
identities of S-functions [1], Q-functions [2,3] and Hall-Littlewood functions [4] as well
as in deriving a procedure for calculating S-function (outer) plethysms [5].

Let us briefly summarize the boson—fermion correspendence as it pertains to S-functions.
The algebra A of free fermions is generated by ¥;, ¥, i € Z satisfying the anti-commutation
relations .

{0, 5} =0 = {y], ¥]} W, ¥it =8y ()
There is a Fock representation F of this alpebra with a vacuum |0) which satisfies
Yil0) =0(¢ <0) Y0y =0(G =0

The states in the fermionic Fock space can be naturally associated to S-functions in the
following manner: let o and g be operators satisfying [, o] =1 and let them act on the
space @reze”? according to

Odueikq = kelf? gldalfd _ ailktllg 2)

If A(x) denotes the space of symmetric polynomials in the indeterminates (x, x2, .. .), then
define vertex operators acting on A = A(x) ® (@rze™?) by

w 23 N\
¥(z) = exp (Z pT(x)z") exp(— > TR n)eaqz .

n=t n=1

* N Pa(X) " - 3 —n Y. —ag i
¥ (z)=exp(-—;Tz )exp(zap”(x)z )z e ™4

n=1
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where p,(x) = ¥ ; x]' are power sum symmetric functions. (For notational simplicity, we
drop the symbol ® in these and subsequent formulae.) If the modes of these vertex operators
are given by the expansion

YR =) vt V@=3 i

neZ neZ

then it is well known [6] that the modes ¥, ¥ satisfly the anti-commutation relations
of the free fermion algebra (1). Moreover, there is an isomorphism g:F — A which
associates every state a]0}, a € A in the fermionic Fock space such that o(|0}) = 1, and if
0gi; < <, 0< jr <--- < ji, then [6]

QU W i ¥, 0)) = (=1t HE=D/2g, (4yoila )
where | =s — r and A is a partition of the form

A=G+1=Lip+2—1, ... ig+s—=0LrF (r = 1)k 2h=h=1 Lh-h-ly
5)

In what follows, we shall often ignore the momentum factor ¢? occurring in (4).
Let us begin with the Fieri formula for the multiplication of an S-function by a complete
symmetric function &, = s¢,), which takes the form [7]

hnsp =Y 5 (6)
A

where the sum is over all partitions A such that A — p is a horizontal r-strip. That is, the
partitions A occurring in the above product are those obtained by adding n extra boxes to
the diagram & in any manner provided that the resulting diagram is a valid diagram, and
no two of the added boxes lie in the same column.

The question we can ask ourselves is how can we turn multiplication by A, into an
operation involving free fermions? The answer comes from the generating fenction for A,
which we can write as

R{z)= Z hpz? =exp (Z &Zn) = Y (n(D
=0 nzl

where

. o = exp (Z 38 z_n) 7~%ei_

nxl TR

Thus, when we multiply an S-function, represented by a product of free fermicnic currents,
by the function &, represented by the current R(z), we can shuffle the (annihilation) operator
7(2) through the currents v (w) using the relation '

wiz
1—w/z

n(@Y(w) = ( ) Y (mn(z) 7
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which will then hit the vacuum, leaving us with an expression involving just free fermioas,
As an example, let us look at the product A;5¢,my. We know that s . = ¢(W¥nt1¥m|0}),
5o that (dropping the Q(-) for simplicity)

1 dz dw1 dwz I
b = 5§ s

Ly ™ R(z) ¥ (w1 (w3)[0)

Iédzdwldwzzl_kw_,,_lw_m wy/z wa/z

= 2mi Zwiws VO I w/zl—w/z
% P (@ (wn g {un)e 9|0)
= Z 1!’k—1+:'+j'ﬁn+1—r‘Wm—je_iq[())

ijzl

where the contours in the above integrals cizcle the origin. The upper limits of this ast sum
are constrained by the fact that e ™[0} = ¥*,]0}, so that ¥,e™9|0} = 0 if p < —1. Thus,
we finally obtain ]

3 m
hrSgnmy = E Zs(n+m+ic—-i—-j,i, n ®)

i=—1 j=0

where the expression on the right-hand side involves non-standard S-functions which can
be turned into standard S-functions using the modification rules

©) St b higtehp) = T dint =L Mk L dp)s
(ii) if A41 = A; for any i then 5, =0, :
(iii) if the last part A, < O then $i1=q.

For & smaller than m or n, many terms on the right-hand side of (8) cancel amongst
themselves, so that in this particular case, it is not a very efficient formula. However, we
shall soon derive a formula which is more efficient when k is small. This method can be
extended to the general case, given by the combinatorial expression (6), with the result
being

ry+p nakp=1 nptl
hks(ﬂl.---r'!p) = Z Z Zs(k —ptibetip =i eyt 1 =) - ©)

=1 =1 ip=l

In the case of the product of a complete symmetric function and a one-hook S-function, we
can use the exchange relation

1@t = (= - 1) ¥ @

to show that

o€
BSaib—1) = Ssalp-1) + Sntamtip) T P (Stubiv.amitpom1,0) F Suti-2.2i16,0))- (10)
i=l1

For n 3 a the partitions in the above expression are standard, and the result could also have
been denved easily by adding n boxes to the hook diagram (z|b) in the prescribed manner.
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When n < a, the terms on the right-hand side start cancelling each other out. Again, we
will be able to derive a more efficient expression for this case.

We would now like to start multiplying S-functions on the left by the two-part S-function
Stn,m)- The generating function for these S-functions takes the form

R(z1,22) = Z StnmyZiTy = ( - —) €xp (z 2@ +Zz))

amz0 k2l

Again, we can decompose this into free fermionic currents and an annihilation operator.
Indeed,

R(z1, z2) = Y@1Y (2)n(z1, 22)

where

n(z1, 22) = exp (E v

—r —ag—1_ -y ~2ig
"4 22 )) ’ 2 e,
nz1

Using the exchange relation

(a1, ¥ ) = (12 ) (1 205 yintan )

w/zy w/zy

we can follow the previous example and show that

ktl kt2-i

Sy = ; Z:/ S(ati—l,mt j~1, k4 2—i—J) . (11)
—4 J=

which is a more efficient expression than (8) for small 2. In a similar manner, one can
derive the result

P+2 p+3—iy g+] g+2—ss

SemSen = D Stbibndiptichm—t, ph2—ii -l g+ 2= (12)
fimml =l =1 iy=1

Generally, we can consider multiplication on the left by the general S-function s,
through the use of the generating function

R@ e r2p) = D Soueonp?' 20 —H( )exp(Z%(z’f+~-+zf,)).

----- ﬂrr)

1peeniBtp 20 i<j k=1
This allows us to write
R(Zh =y zp) = V’(ZI) s "l’r(zp)ﬂ(zlv ey Zp)
where
0 .
715 -2 2p) = €XP (Z FralC z‘")) TrrHL L g ia,
nzl pﬂ
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Thus, by using the relation

bl w/g
2y eens )Y (W) = — win(zy, ..., 2
i 1 (G ML
we obtain the result
k1 k420 ktp—iy——ipu
Stuy,mpyfe = Z Z S(iybn = igny—=1,..osipbrtp=1 kb pmiy —ro—ip) - (13)

=1 ix=i ip=l
By proceeding in the above manner, we can derive the general result

LT R L R Z S (14)
i)

where A; is a (non-standard) partition of length p + ¢ of the form

M= —p+intint---+ip, - mg—ptig+--tipgntg—in—---
“ilqs"'nnp+q_ipl_"’_ipq)

and the pg indices i, where 1 € @ € p, 1 € b £ ¢, in the above sum are subject to the
constraints

b=1

1<inSna+p—a+b—7) ia. (15)
k=1

When b = 1, the finite sum in (15) is taken to be zero. Although this is a very explicit
expression for the product of two S-functions in terms of S-functions of non-standard
partitions it is very inefficient when it comes to actual computations. More efficient
expressions can be obtained when one sw1tches to Frobenius notation and considers products
of hook S-functions.

As an example, let us consider multiplication on the left by one-hook S-functions. They
have the generating function

H(z w) = Z: Strim=13" (—w)" = — /w (Z P w*))- (16)

n,mz0 k21

That is
H(z; w) = ¥ (w)¥ (2)r(z; w)

where

Upon using

(W) () = ( ) vtz w) ’ a7n
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we see that
P p—l
Steim-1yltp = Zs(n+1+i.p+1—i.l""2} + Zs(n+1+f.p—i.1m-l) {18)
=0 i=0

which is a more efficient version of (10) in the case when p is small.

Note that, until now, we have not found it necessary to use the anti-commutation
relations for free fermions. As a final example of the method described above, and one in
which the anti-commutation relations are needed, let us consider the product of two one-
hook S-functions. By using the generating function (16), along with the exchange relation
(17} and

(G W) (y) = ( )1# )z(z; w) (19)
we see that
(=™ S upn1yS(plg—1) = Y WiVt sV i Vpmj = Vonmi g ¥ i Vpms
i 720

- ﬁ’:m—i—ﬂ!’n-i-j V’:q+i ‘»(’p-iwl + ‘ﬁim—i—l ‘r’"n+j+11fff.q+i+1 'ﬁp—j-ljlo)'

Consider for a moment the first term in the above expression; for it to be non-zero we
require 0 < 7 £ ¢q. We also require that cither 0 L i £ g—lori=p+g—j In
this latter case, we must use the relation {#", ¥;} = 1 to remove the annihilation operator
1.«";_ o yielding the t:%rm 2 oY pgtj¥nei|0). After treating the other tecms in a similar
fashion, and gathering llke terms, we obtain

g—1

Strim~15(plg=1) = Stntpmtq=1) T Stp+lmtg-2) T Z S(a, plm+i-1.g—-1-1)
i=l

-1 r g-2
+ Z S(nti+l, p~i—1lm—=1.g—~1) + Z Z St j+1,p—jlmei—1,g—i—2)
i=1 J=0 i=0
p—1 g=1 p—1 q—2
+ E Z S(n-tj,p=j=1im+ig—i—1) + 2 Z Z St j+1,p—j~Umig—i-n- (20}
7=0i=0 =0i=0

Let us remark that instead of considering S-function muitiplication, we can also consider
S-function division (i.e. skewing) and derive similar formulae by considering the generating
functions for D{(s,). These generating functions will be purely functions of 8/8p, and,
hence, can be applied directly to the generating function for s, and crunched together using
the standard rules yielding a formula for the skew function 55/, in terms of non-standard
S-functions, which can then be converted into standard functions using the modification
rules.

We can also extend the above considerations to the case of the Hall-Littlewood functions
@2a(x; 1), Jing's generalized boson—fermion correspondence {4] allows us to treat the Hall-
Littlewood case on exactly the same footing as the S-function case; by following the above
method we have, for example,

n+m

Qty Cnmy = Cetnmy + (1 — 1) Z Qeerprpm + (1= 1) E Qtctrnmr)

r=l

nfm=1 m

-+ (1 — t)z Z Z Q(k+p+r.n--p,m—r)- (21)

=1 r=1
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The only caveat to explicit formulae such as (21) is that the non-standard Hall-Littlewood
functions occurring on the right-hand side must be modified according to the complicated
(compared to the S-funiction case) rules

m
[ Qi+ Z(fﬂ L o r—s=2m+1

i=i

Q[s,r} = (22)

m=1 .
tQrst + Z(I"H — N0y
-

L + (tm - tm-I)Q{r-—m..H-ml r—s=2m
where by {r,s} we mean any partition {...,r, s,...) containing » and s as consecutive
elements. In (22) we assume s < r and define m = [%(r —5)].

The author takes great pleasure in thanking P D Jarvis for useful discussions.
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