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LETTER TO THE EDITOR 

The Littlewood-Richardson rule and the boson-fermion 
correspondence 

T H Baker 
Physics Department University of Tasmania, GPO Box 252C Hobart, Australia 7001 

Received 3 January 1995 

Abstract. The boson-fermion correspondence is applied to derive explicit formulae for 
expressing the pmduct of S-functions in terms of sums of S-functions associated to non-standard 
pamtions. 

In this letter we show how to derive fairly explicit formulae for the multiplication of two 
S-functions in terms of S-functions with non-standard partitions by means of the boson- 
fermion correspondence. We also point out how this method can be used to calculate skew 
S-functions, and also how to extend it to the Hal-Littlewood case. The boson-fermion 
correspondence (or its generalizations) has been used, for example, in investigating various 
identities of S-functions [l]. Q-functions [2,3] and Hall-Littlewood functions [4] as well 
as in deriving a procedure for calculating S-function (outer) plethysms [5]. 

Let us briefly summarize the boson-fermion correspondence as it pertains to S-functions. 
The algebra A of free fermionsis generated by rG;., @:, i E Z satisfying the anti-commutation 
relations 

(9i. @ j l =  0 = {@;, @,3 (@i, @,? =&j. (1) 

There is a Fock representation F of this algebra with a vacuum 10) which satisfies 

@ilO) = 0 ( i  c 0) @;lo) = 0 (i > 0). 

The states in the fermionic Fock space can be naturally associated to S-functions in the 
following manner: let cuo and q be operators satisfying [q ,  a01 = i and let them act on the 
space @t.Ze*q according to 

(2) CUoeikq = k2kq 

If A(x) denotes the space of symmetric polynomials in the indeterminates (XI, xz, . . .), then 
define vertex operators acting on & = A(x) 63 (&,~e-) by 

eiqe*q = ei(k++lk, 
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where p.(x) = CixF are power sum symmetric functions. (For notational simplicity, we 
drop the symbol @ in these and subsequent formulae.) If the modes of these vertex operators 
are given by the expansion 

then it is well known [61 that the modes +fl, +; satisfy the anti-commutation relations 
of the free fermion algebra (1). Moreover, there is an isomorphism e : 3  + A which 
associates every state aIO), a E A in the fermionic Fock space such that e(l0)) = 1, and if 
O < i , < . . . c i l , O <  j F c . . . <  jl,then[6] 

@(+Tj, . . . +:. . I ,  +is.. . +i,p)) = (-l)ji+...i+lCf-1)/2 s*(x)eilq (4) 

where I = s - r and A is a partition of the form 

A = ( i l  + 1 - 1, i2 + 2  - I ,  , . . , i,T + - 1 ,  r i - l ,  (r  - 1)6-i-b-l v . . . ,  2jz-h-I, 111-jz-1). 

(5) 

In what follows, we shall often ignore the momentum factor e3q occurring in (4). 

symmetric function h, = s("), which takes the form [71 
Let us begin with the Pieri formula for the multiplication of an S-function by a complete 

where the sum is over all partitions A such that A - p is a horizontal n-strip. That is, the 
partitions A occurring in the above product arr those obtained by adding n extra boxes to 
the diagram /.& in any manner provided that the resulting diagram is a valid diagram, and 
no two of the added boxes lie in the same column. 

The question we can ask ourselves is how can we turn multiplication by h, into an 
operation involving free fermions? The answer comes from the generating function for h, 
which we can write as 

where 

Thus, when we multiply an S-function, represented by a product of free fermionic currents, 
by the function h,, represented by the current R(z ) ,  we can shuffle the (annihilation) operator 
q(z)  through the currents +(w)  using the relation 
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which will then hit the vacuum, leaving us with an expression involving just free fermions: 
As an example, let us look at the product hks(n.m).  We know that s ( " . ~ )  = e(@n+l@mlO)), 
so that (dropping the e(.) for simplicity) 

where the contours in the above integrals circle the origin. The upper limits of this last sum 
are constrained by the fact that e-'YIO) = @.fllO),  so that @pe-'q]O) = 0 if p < -1. Thus, 
we finally obtain 

where the expression on the right-hand side involves non-standard S-functions which can 
be turned into standard S-functions using the modification rules 

(i) S(A, ,..., LA;+, ,._.. A,) = -:(A ,._... h + l - ~ , ~ j + ~  ..... A ~ ) .  
(ii) if Ai+l = Ai for any I then SA = 0, 
(iii) if the last part A,, < 0 then SAS 

For k smaller than m or n, many terms on the rightlhand  sid de of (8) cancel amongst 
themselves, so that in this particular case, it is not a very efficient formula. However, we 
shall soon derive a formula which is more efficient when k is small. This method can be 
extended to the general case, given by the combinatorial expression (6), with the result 
being 

In the case of the product of a complete symmetric function and a onehook S-function, we 
can use the exchange relation 

to show that 

0 

hnS(nlb-1) = S(a+nlb-l) + s(n+"-tlb) f ~ ( s ( n + i - l , u - i l b - l , O )  -k s(n+i-2.o-ilb.O)). (10) 

For n U the partitions in the above expression are standard, and the result could also have 
been derived easily by adding n boxes to the hook diagram (ulb) in the prescribed manner. 

i=1 



L334 Letter to the Editor 

When n c U ,  the terms on the right-hand side start cancelling each other out. Again, we 
will be able to derive a more efficient expression for this case. 

We would now like to start multiplying S-functions on the left by the two-part S-function 
qn.,,,). The generating function for these S-functions takes the form 

Again, we can decompose this into free fermionic currents and an annihilation operator. 
Indeed, 

R(zI, ZZ) = @(zI)@(zz)v(zI, ZZ) 

where 

Using the exchange relation 

we can follow the previous example and show that 

k+l k+Z-i 

S(n,m)hk = S(~+i-l,m+j-I.k+Z-i-j) 
i=1 j=l 

which is a more efficient expression than (8) for small k. In a similar manner, one can 
derive the result 

Generally, we can consider multiplication on the left by the general S-function S(~,,..,,~J 
through the use of the generating function 

This allows us to write 

where 
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Thus, by using the relation 

By proceeding in the above manner, we can derive the general result 

where hi is a (non-standard) partition of length p + q of the form 

hi = (ml - P + iii +izi  + ...+ i,t, .. . ,m, - p + i l ,  + . . . + ipq,nl + q - i l l  - . . . 
- il,, . " , n P  + q  - i,, - . . . - i,,,) 

and the p q  indices iab. where 1 6 a < p .  1 6 b < ~ q ,  in the above sum are subject to the 
constraints 

b-I 
1 6 iub 6 n, + p  - a  + b - ci..~. 

k=l 

When b = 1, the finite sum in (15) is taken to be zero. Although this is a very explicit 
expression for the product of two S-functions in terms of S-functions of non-standard 
partitions, it is very inefficient when it comes to actual computations. More efficient 
expressions can be obtained when one switches to Frobenius notation and considers products 
of hook S-functions. 

As an example, let us consider multiplication on the left by one-hook S-functions. They 
have the generating function 

That is 

Upon using 
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we see that 
n n--l 

which is a more efficient version of (IO) in the case when p is small. 
Note that, until now, we have not found it necessary to use the anti-commutation 

relations for free fermions. As a final example of the method described above, and one in 
which the anti-commutation relations are needed, let us consider the product of two one- 
hook S-functions. By using the generating function (16). along with the exchange relation 
(17) and 

we see that 

- @Z,-i-l @n+j@Zq+j @ p - j - I +  @Zmf,_i-l @n+j+l K Y + j + i  q p - j - 1 )  10). 
Consider for a moment the first term in the above expression; for it to be non-zero we 
require 0 < j < q. We also require that either 0 < i < q - 1 or i = p + q - j .  In 
this latter case, we must use the relation {@;, @i) = 1 to remove the annihilation operator 
@;-j, yielding the term x;d @&-+j@n+jlO).  After treating the other terms in a similar 
fashion, and gathering like terms, we obtain 

Y-1 

S ( n l m - l ) s ( p l q - l )  = s(n+p,m+q-1) + S(n+p+I.m+q-Z) + S(n.plm+i-l.q-i-1) 
i=1 

Let us remark that instead of considering S-function multiplication, we can also consider 
S-function division (i.e. skewing) and derive similar formulae by considering the generating 
functions for D(sJ. These generating functions will be purely functions of a/ap, and, 
hence, can be applied directly to the generating function for si. and crunched together using 
the standard rules yielding a formula for the skew function  SI.,^ in terms of non-standard 
S-functions, which can then be converted into standard functions using the modification 
rules. 

We can also extend the above considerations to the case of the Hall-Littlewood functions 
Q l ( x ;  t). ling's generalized boson-fermion correspondence [4] allows us to treat the Hall- 
Littlewood case on exactly the same footing as the S-function case; by following the above 
method we have, for example, 



Letter to the Editor L337 

The only caveat to explicit formulae such as (21) is that the non-standard Hall-Littlewood 
functions occurring on the right-hand side must be modified according to the complicated 
(compared to the S-function case) rules 

where by {r, s] we mean any partition (. . . , r, s, . . .) containing r and s as consecutive 
elements. In (22) we assume s c r and define m = [ i ( r  -s)]. 

The author takes great pleasure in thanking P D Jarvis for useful discussions. 
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